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Abstract. The three-band Emery model is applied to study the selected principal
features of the d-wave superconducting phase in the copper-based compounds. The
electron-electron correlations are taken into account by the use of the diagrammatic
expansion of the Guztwiller wave function (DE-GWF) method. The nodal Fermi
velocity, Fermi momentum and effective mass are all determined in the paired state
and show relatively good agreement with the available experimental data, as well as
with the corresponding single-band calculations. Additionally, the influence of the
next-nearest neighbor oxygen-oxygen hopping and intersite Coulomb repulsion terms
on the superconducting phase is analyzed.
The superconducting state in the copper-based compounds has long been the
subject of intense study [1, 2]. Due to significant electron-electron repulsion appearing
within the copper-oxygen planes of the cuprates, those materials belong to the group of
the so-called strongly correlated electron systems. Calculation methods dedicated for
such compounds are involved and their application is limited only to relatively simplified
models.
A significant effort has been devoted to the theoretical description of the copper-
oxygen planes which are common to the whole cuprate family and are believed to
be instrumental for the formation of the paired phase [3, 1, 4]. In this respect,
the simplest approach is based on a single-band picture with the copper and oxygen
degrees of freedom combined within the so-called Zhang-Rice singlets playing the role
of quasiparticles [4]. Along these lines, both the Hubbard and t-J models have been
investigated [2, 5] by meand of various calculation techniques, taking into account
the electron-electron correlation effects on different accuracy levels [6, 7, 8, 9]. The
t-J-U model, which combines the features of both Hubbard and t-J models, has
been extensively investigated by us recently [10, 11, 12] and leads to very good semi-
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2quantitative agreement between our theoretical results and principal experimental data
[10].
In order to make the model more realistic and, at the same, time be able to take into
account the electron-electron correlations, the three band Emery model (or d-p model)
has also been studied [13, 14, 15, 16, 17]. Within such approach, the 2px and 2py orbitals
due to oxygen are explicitly taken into account in addition to 3dx2−y2 copper states. The
experimental indications of the significant role of the oxygen degrees of freedom played in
the physics of hole-doped cuprates has been provided in Refs. [18, 19, 16, 20]. Recently,
we have applied the variational approach based on the correlated Gutzwiller- and
Jastrow-type wave functions to analyze both the selected normal-state characteristics
and the paired state within the three-band (d-p) model, as well as to compare them
with the corresponding single-band calculations [17, 21, 22]. The results of that analysis
support the view that in general aspects the single- and three- band descriptions of
electron-correlation-induced superconductivity lead to similar overall physical picture.
Nevertheless, an explicit inclusion of the oxygen degrees of freedom seems to be necessary
in order to carry out a detailed description of individual compounds from the cuprate
family and in particular, to reconstruct the significantly different values of the maximal
critical temperature in different systems [17].
Here, we extend the analysis provided in Refs. [17] and compare the nodal direction
characteristics, extracted from the three-band model, with the available experimental
data, as well discuss their relation to the single-band calculations carried out earlier. We
focus on the doping dependencies of the nodal Fermi velocity, nodal Fermi momentum
and effective mass, which are among the principal features characterising the cuprates.
It should be noted, that different variants of the d-p model have been considered over
the years; in most cases the inter-site Coulomb repulsion terms, as well as next-nearest
neighbor hoppings were both neglected. However, recently it has been noted that
the latter lead not only to quantitative renormalization of quasiparticle dynamics, but
may be essential for describing qualitatively appical hybridization effects on magnetic
fluctuations [23]. Sensitivity of the maximal superconducting transition temperature
on the long range hopping has been also pointed out previously in model studies[24].
Finally, the long-range Coulomb interaction is believed to be necessary to correctly
reproduce charge dynamics of cuprate superconductors which, in turn, may affect local
pair formation[25, 26]. Therefore, it is vital to analyze, apart from the nodal direction
characteristics, also the influence of the mentioned additional terms, on the paired state.
Explicitly, we consider the model with next-nearest neighbor oxygen-oxygen hopping
and the intersite d-d, d-p and px-py Coulomb repulsion terms. Our aim is to evaluate
the importance of the additional interactions, particularly those, which do not appear
in the effective single-band picture. The additional motivation in the second part of our
analysis is to verify if the overall features of the SC state are reconstructed within the
extended d-p model for the parameters obtained within the recently reported ab-initio
procedure which does not suffer from the double counting problem [27].
In the following Section we present the details of the theoretical model and
3the applied computational methods. In Section III we analyze the nodal direction
characteristics in the paired state and compere them with the available experimental
data. Next, we study the influence of the next-nearest neighbor oxygen-oxygen hopping
as well as the intersite Coulomb repulsion terms on the superconducting state. The
conclusions are deferred to Section IV.
1. Model and method
The three-band d-p model has the form
Hˆ =
∑′
il,jl′
tll
′
il cˆ
†
ilσ cˆjl′σ +
∑
il
(l − µ)nˆil +
∑
il
Ulnˆil↑nˆil↓
+
∑′′
ijll′σσ′
Vll′nˆilσnˆjl′σ′ ,
(1)
where cˆ†ilσ and cˆilσ creates and anihilates electron with spin σ at the i-th atomic site
and orbital denoted by l ∈ {d, px, py}. The primed summation is carried out over the
interorbital nearest neighbors as well as the intraorbital px-px and py-py next-nearest
neighbors (cf. Fig. 1). The phase convention of the wave function determining the signs
of the respective hopping parameters has been taken in the electron representation as
shown in Fig. 1. The second term of the Hamiltonian introduces the d and px/py atomic
levels (px = py ≡ p) with the energy shift d − p ≡ dp between them. The chemical
potential is denoted by µ and the interaction parameters Ud and Upx = Upy ≡ Up
correspond to the intrasite Coulomb repulsion between two electrons with opposite spins
located on the d and px/py orbitals, respectively. Additionally, in the last term we take
into account the intersite nearest neighbor d-p and px-py Coulomb repulsion as well as
the next-nearest neighbor d-d Coulomb repuslion terms denoted by Vdp, Vpp, and Vdd,
respectively.
Due to the significant strength of the Coulomb repulsion at the d-orbitals, the
electron-electron correlations are expected to significantly influence the physical features
of the system. In order to take the correlation effects into account we use the approach
based on the diagrammatic expansion of the Gutzwiller wave function (DE-GWF), which
has been discussed by us extensively and applied both to single- and multi-band models
[10, 28, 29, 30, 17].
Within the DE-GWF approach we use the Gutzwiller-like projected many particle
wave function of the form
|ΨG〉 ≡ Pˆ |Ψ0〉 =
∏
il
Pˆil|Ψ0〉 , (2)
where |Ψ0〉 corresponds to uncorrelated state of the system and the projection operator
has the following form
Pˆil ≡
∑
Γ
λΓ|il|Γ〉il il〈Γ| , (3)
4Figure 1. The hopping parameters between the three types of orbitals in the model
and the corresponding sign convention for the antibonding orbital structure. The
dx2−y2 orbital is centered at the copper site and the px/py orbitals are centered at
the oxygen sites. Additionally, in the bottom part we show the next nearest-neighbors
oxygen-oxygen hopping and the inter-site Coulomb repulsion terms which are taken
into account in the second part of our analysis.
where λΓ|il are the variational parameters determining relative weights corresponding to
|Γ〉il, which in turn represent states of the local basis on the atomic sites with the three
types of orbitals (l ∈ {d, px, py})
|Γ〉il ∈ {|∅〉il, | ↑〉il, | ↓〉il, | ↑↓〉il} . (4)
The consecutive states represent the empty, singly, and doubly occupied local
configurations, respectively. The energy minimization over the variational parameters
allows to suppress the weight of electronic configurations that lead to increased
interaction energies. More details regarding the application of the DE-GWF approach
to the three band model of cuprates is provided in Ref. [17]. As shown there, due to
low value of Up with respect to Ud, it is justified to omit the projection procedure at the
oxygen sites and take λΓ|ipx = λΓ|ipy ≡ 1. Such simplification does not lead to significant
changes in the calculated characteristics of the system as shown in Ref. [17].
Within our analysis, the paired state is recognized by nonzero values of the so-
called correlated pairing amplitudes (correlated gaps). As shown in Ref. [17], a number
of intra- and inter-orbital pairing amplitudes may appear in the superconducting state of
5the considered three-band model. However, the dominant one corresponds to the nearest
neighbor d-d pairing. The pairing amplitudes which are going to be analyzed here are
denoted by ∆ll′ ≡ 〈ΨG|cˆ†il↑cˆ†jl′↓|ΨG〉G/〈ΨG|ΨG〉. In this analysis we have taken into
account the nearest neighbor d-d pairing (∆dd), the nearest neighbor d-p pairing (∆dp),
as well as the next nearest-neighbor p-p pairing denoted by ∆||pp and ∆⊥pp depending
on whether the atomic sites between which the pairing occurs lay along the direction
distinguished by the p orbital itself or perpendicular to it (cf. [17]).
As shown in Refs. [28, 31], the minimization condition of the system energy
in the state |ΨG〉 is equivalent to solving the Schödinger equation with an effective
Hamiltonian, which detailed form is provided in Ref. [17] for the case of the three
band d-p model. By using the dispersion relations in the upper hybridized band of the
effective Hamiltonian, eff(k), one can extract the nodal characteristics of the system
such as the Fermi momentum kF , Fermi velocity vF = ∇keff(k)|k=kF , and effective
mass, meff , which are to be analyzed below.
2. Results and discussion
In all the presented results we adopt the convention, where zero doping (δ = 0) case
corresponds to the parent compound for which each CuO2 complex is occupied by five
electrons (ntot = 5). Such situation is referred to as the half-filling, while the hole doped
situation δ > 0 refers to ntot < 5.
2.1. Nodal characteristics in the paired state and comparison to experiment
Here, we utilize typical hopping and interaction parameters which correspond to the
cuprates: tdp = 1.0 eV, tpp = 0.4 eV, dp = 3.2 eV, Ud = 11 eV, Up = 4.1 eV and
analyze first the nodal direction characteristics of the system. At this stage, the next
nearest-neighbor, p-p electron hopping, and the intersite Coulomb repulsion terms are
omitted and are taken into account in the next subsection.
In Fig. 2 we show the calculated Fermi velocity, Fermi momentum, and effective
mass, all as a function of hole doping. For comparison the available experimental data for
La2−xSrxCuO (LSCO) and Bi2Sr2CaCu2O8 (BSCCO), and YBa2Cu3O7 (YBCO), taken
from Refs. [32, 33, 35], are also shown in the Figure. When it comes to quantitative
comparison, a systematic difference between experiment and theory is observed for
the case of Fermi momentum. However, the very weak doping dependence of all the
calculated nodal characteristics is reproduced well and for a wide doping range the
quantitative agreement has been obtained for the case of both Fermi velocity and
effective mass. The analysis of the nodal direction features of the cuprates carried
out with the use of single-band t-J-U model [10], leads to similar results, though the
quantitative agreement with experimental values obtained there is of better quality.
For the sake of completeness, the calculatied doping dependences of the pairing
amplitudes are provided in Fig. 3. As one can see, the dominant pairing amplitude
60
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Figure 2. (a) Nodal Fermi velocity as a function of hole doping obtained in the
three-band d-p model with the use of the DE-GWF method, compared with the
available experimental data for the LSCO and BSCCO compounds taken from Refs.
[32] and [33], respectively; (b) Theoretical Fermi momentum as a function of hole
doping with the corresponding experimental values for LSCO taken from Ref. [34]; (c)
The theoretical effective mass in the units of electron mass as a function of hole doping
compared with the corresponding experimental values. The effective mass for LSCO
was calculated by using the measured Fermi velocity and Fermi momentum taken from
Refs. [32] and [34], respectively. The experimental values for YBCO are taken from
Ref. [35] with the doping values determined by the oxygen content (top axis) from the
original data.
corresponds to the nearest neighbor d-d pairing. As shown in Fig. 3 (b), the quotient
between the remaining pairing amplitudes and ∆dd is relatively small and weakly doping
dependent. Therefore, TC , as well as the shape of the SC phase stability regime on the
cuprate phase diagram, is determined mainly by ∆dd. In spite of significant changes in
the values of the pairing amplitudes for the doping range 0− 0.35, the nodal direction
features remain well established and weakly doping dependent (cf. Fig. 2), which is
partly due to the d-wave symmetry of the superconducting gap. It should be noted
that, apart from the fact that the paired state is of the d-wave symmetry, an important
ingredient leading to the reproduced behavior of the nodal features is the electron-
electron repulsion taken into account on sufficiently high accuracy level. Namely, the
obtained feature is not neither reproduced within the model by using the Hartree-Fock
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Figure 3. (a) The correlated d-d, p-p and d-p supercondcting gaps as a function of
hole doping (tpp = Vpp = Vdp = 0); (b) The ∆
||
pp, ∆⊥pp, and ∆dp gap amplitudes divided
by the dominant d-d contribution to the pairing.
approximation, nor in the zeroth order expansion of the DE-GWF method (which is
equivalent to the Renormalized Mean Field Theory). Only after the inclusion of the
higher order diagramatic expansion terms within the DE-GWF method we were able to
obtain such result.
2.2. Influence of the next-nearest neighbor p-p hopping and intersite Coulomb repulsion
Here, we consider the case of non-zero next-nearest neighbor oxygen-oxygen hopping
term, as well as the intersite d-p, px-py, and d-d Coulomb repulsion terms. The selected
values of the model parameters, corresponding to the additional terms in Hamiltonian,
are provided in each particular situation considered. The values of the remaining
parameters are: tdp = 1.14 eV, tpp = 0.53 eV, dp = 3.39 eV, Ud = 10.5 eV, Up = 4.87 eV.
In general, the value of tpp′ for the compounds from the cuprate family ranges
between ∼ 0.1 − 0.2 eV and is believed to be correlated with the maximal critical
temperature [16]. Namely, for larger values of tpp′ higher TmaxC should appear. In Fig.
4 we show the calculated d-d and p-p pairing amplitudes for the case of tpp′ = 0 and
tpp′ = 0.2 eV. The behavior of the pairing amplitudes ∆dp and ∆
||
pp is very similar to the
one shown in Fig. 4. However, we do not show them here for the sake of clarity. As one
can see, within our theoretical approach the inclusion of the next-nearest-neighbor p-p
hopping enhances only slightly the superconducting state by increasing the maximal
value of the gap parameters and widening the SC stability doping range. According
to the experimental analysis, for the range of tpp′ values considered here, significant
changes of TmaxC should be observed. If the correlated pairing amplitude is proportional
to TC , the latter observation would be in contradiction to the result presented in Fig.
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Figure 4. (a) The correlated d-d and p-p supercondcting gaps as a function of hole
doping for the case of tpp′ = 0 and tpp′ = 0.2 eV. For the sake of clarity we do not
show ∆⊥pp and ∆dp. The effect of tpp on the two latter pairing amplitudes is analogical
to the one shown in the Figure for the case of ∆dd and ∆
||
pp.
4. However, as discussed in Ref. [16], the value of tpp′ is directly related to the distance
between the apical oxygen atoms and the Cu-O plane. Therefore, the observed changes
of TmaxC may in fact not be caused by the tpp′ itself, but instead by more complex effects
related to the apical oxygen appearance in close proximity of the copper-oxide plane,
what may lead to, e.g., modification of the in-plane exchange interaction [23].
In Fig. 5 we show the influence of the inter-site Coulomb repulsion terms on the
d-d pairing amplitude, which constitutes the dominant contribution to superconducting
state. As can be seen, the Vdp term leads to a slight enhancement of the pairing strength.
On the other hand, Vpp and Vdd have negative effect on the latter, decreasing the pairing
amplitude and the doping range of the SC stability. Among all the inter-site Coulomb
repulsion terms considered here, the most significant effect comes from the nearest-
neighbor p-p repulsion. Relatively small value of Vpp = 0.7 eV already suppresses ∆dd
about five times. Also, the superconducting dome-like structure is distorted upon further
increasing Vpp. This effect should be associated with a simple Hartree-Fock contribution
corresponding to the Vpp-term, which apart from the more complex correlation effects
is also taken into account within the DE-GWF scheme. Namely, according to the
simple Hartree-Fock approach, electrons occupying a single px (py) orbital experience
an increase of energy of 4Vppnpy (4Vppnpx) due to the oxygen-oxygen repulsion. This
lifts the effective atomic levels at the oxygen orbitals, what in turn, is equivalent with
decreasing the dp value in the initial Hamiltonian. As we have shown in Ref. [17] (Fig.
12 of that paper) by reducing significantly dp one can suppress the strength of the
pairing in the considered model for particular Ud. In the considered hole doping range
npx , npy ≈ 1.5, thus the effective atomic level change at the oxygen orbitals is ∼ 4 eV
which is already a relatively large value.
We have also carried out calculations with the inclusion of all the mentioned terms
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Figure 5. The correlated d-d supercondcting gaps as a function of hole doping with
the inclusion of particular inter-site Coulomb repulsion terms (tpp = 0). In (a), (b),
and (c) we show the results for nonzero Vdp, Vdp, and Vdp parameters, respectively.
simultaneously to check if the proper reconstruction of the SC dome is possible in such
a general situation. The model parameters have been taken from Ref. [27], where a
combined ab initio GW and DFT approach has been used, that does not suffer from
the so-called double counting problem. The parameters correspond to the La2CuO4
compound and their values are: tdp = 1.369 eV, tpp = 0.754 eV, dp = 3.699 eV,
Ud = 9.61 eV, Up = 6.13 eV, Vdd = 1.51 eV, Vdp = 2.68 eV, Vpp = 1.86 eV. In Fig. 6
we show the pairing amplitudes obtained within our DE-GWF calculation scheme. As
one can see the SC dome still appears with the maximal critical doping δ & 0.2 and the
optimal doping δ ≈ 0.15. Also, the d-d pairing remains the dominant one and relations
between particular pairing amplitudes are approximately the same as previously (cf.
Fig. 3). The nodal characteristics calculated for the extended version of the d-p model
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Figure 6. The correlated d-d, p-p and d-p supercondcting gaps as a function of hole
doping with the inclusion of all the considered inter-site Coulmb interaction terms.
The model parameters correspond to the La2CuO4 compound and have been taken
from [27].
are shown in Fig. 7 and are weakly doping dependent which qualitatively agrees with
the experimental picture. However, the obtained values are approximately two times
larger than those measured in the LSCO samples. It is not clear at this stage if the
DE-GWF method leads to this overestimation or the model parameters themselves do
not describe properly the LSCO compound [27].
3. Conclusions and outlook
The calculated nodal direction characteristics obtained within the three-band model
approach show a relatively good agreement with the available experimental data as well
as with the corresponding single-band calculations.
Extended analysis with the inclusion of the inter-site interaction terms show that the
Vdp term enhances slightly the strength of the pairing, whereas Vpp and Vdd have negative
effect on the paired state, decreasing the pairing amplitude and the doping range of the
SC state stability. Among all the inter-site Coulomb repulsion terms considered here,
the most significant effect comes from the nearest-neighbor p-p repulsion. Nevertheless,
the calculations in the general case with all the mentioned interaction terms taken into
account with the parameters appropriate for LSCO has lead to the reconstruction of the
superconducting dome on the phase diagram and weak doping dependency of the nodal
direction characteristics. Also, in all the cases considered here, doping dependencies of
the d-d, d-p, and p-p pairing amplitudes are all very similar. However, the latter two
are scaled down by the factor of ∼ 5 with respect to the first one. Therefore, TC as
well as the shape of the SC phase stability regime on the cuprate phase diagram, will be
determined mainly by ∆dd. Our results point to the conclusion that the overall picture of
the SC state seems to be reasonably described both in the effective single-band models,
as well as different variants of the three-band models. However, the full quantitative
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Figure 7. Fermi velocity (a), Fermi momentum (b), and effective mass (c)
obtained within the extended d-p model, with the hopping and interaction parameters
corresponding to LSCO and taken from Ref. [27]. The experimental data provided in
the Figure for the Fermi velocity and Fermi momentum (black circles) are taken from
Refs. [32] and [34], respectively. The experimental effective mass for LSCO (black
circles) was calculated by using the measured Fermi velocity and Fermi momentum
taken from Refs. [32] and [34], respectively.
theory of high-TC superconductivity may involve a delicate balance of the possible intra-
and interorbital interactions.
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